
IX. Atmospheres

IX.1. Introducing gravitation

Gravitation enters as a component of most, if not all applications of
physics. There is a set and tested procedure for introducing the gravitational
field into a dynamical context. In classical, non relativistic physics it consists
of adding the gravitational potential energy to the Hamiltonian. For an
isolated, ideal gas one adds

∫

Σ

d3x ρφ,

where ρ is the mass density and φ is the Newtonian potential. The adiabatic
Lagrangian becomes

∫

L =

∫

Σ

d3x
(

ρ(Φ̇− ~v 2/2− φ)− f − sT
)

.

In the case of an ideal gas,

∫

L =

∫

Σ

d3x
(

ρ(Φ̇ − ~v 2/2− φ)−RTρ ln
k

k0

)

, k :=
ρ

T n
. (9.1.1)
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This prescription for including the effect of gravity has its ultimate jus-
tification in General Relativity. The most important effect of gravity is
contained in the time component of the metric and it usually appears in
connection with time derivatives, thus as an addition to the Hamiltonian.

In this section the constant k0 stands for the specific entropy,

S/R = n− ln k0, (9.1.2)

and k := ρ/T n is some times referred to as the adiabatic temperature. The
gravitational field appears in the equation of motion,

Φ̇− ~v 2/2− φ = RT (ln
k

k0
+ n+ 1).

When the effect of gravity is taken into account in the dynamics we get a
theory of atmospheres. In the case of terrestrial gravity φ = gz, where g is
a constant and z is the elevation. The adiabatic condition makes k = k0,
constant, and the Euler - Lagrange equation that comes from variation of
the density is

Φ̇− gz = RT (lnx+ n+ 1), x :=
k

k0
= 1. (9.1.3)

predicts a constant temperature gradient (lapse rate) for an isolated atmo-
sphere that consists of an ideal gas, at rest. This result was first obtained
by Herapath, in a pater submitted to the Royal society in (1820); accord-
ing to Brush (1976), the paper was not only rejected, the society refused
to return the manuscript to the author. The effect has not, to our knowl-
edge, been conclusively tested in the laboratory, (but see Liao (2008) and
Graeff (2009)), but the constant lapse rate is a feature that is observed in
the earth’s atmosphere, in the oceans and in the internal structure of stars
(Lane 1870, Ritter 1880, Emden 1908, Eddington 1926, Levy 19). For the
earthly earthly atmosphere this formula actually gives a value for the tem-
perature gradient that is close to observation, at low atmospheric humidity.
This successful application of a theory originally constructed to account for
laboratory experiments where gravitational effects are insignificant, modi-
fied in standard fashion to include gravity, does not attribute the observed
temperature gradient to the radiation from the Sun or to any external source
other than gravity (Fronsdal 2011). The actual atmosphere is close to isen-
tropic, not because of the effect of convection and radiation but in spite of
it. The effect of humidity on the lapse rate will be examined below. This

223



was the attitude adopted by Emden (1907) and all others in astrophysics,
and currently, in the context of planetary atmospheres.

It is evident that, in the absence of the Sun, the present state of the
earthly atmosphere could not endure. The extinction of the Sun would lead
to a general cooling of the atmosphere. This cooling is not described by any
process encompassed by adiabatic Lagrangian dynamics, but by the sponta-
neous emission of infrared radiation. As this is a slow effect we can regard
the progressive cooling as a sequence of equilibria of adiabatic dynamics, a
slow loss of entropy and an increase in the value of k0 (Section II.3). The
reverse effect is also possible and if the terrestrial atmosphere is found to be
stable over long times then we must conclude that spontaneous cooling by
emission is balanced by the heating that is indirectly provided by the Sun
(the greenhouse effect).

The problem of the gravitation induced temperature gradient can be
debated within the framework laid out in the Appendix to this chapter.
Important aspects of historical atmospheric science, including the popular
polytropic atmospheres and Emden’s stability theorem are also relegated to
that Appendix.

IX.2. Mixed, isentropic atmospheres,

At one time it was believed that, in an atmosphere consisting of several
components with different molecular weights, the lighter gas would float on
top, contrary to the popular idea that all gases are miscible. This was surely
based on observation, since cooking gas, entered at ground level, tends to
remain there; however, it does so only for a short time. Dalton made the
radical proposal that each gas behaves as if the other were absent. This was
an overstatement and led to much misunderstanding and debate, some of
it recorded in Dalton’s book (Dalton 1806). In the case of gases that have
had time to settle, Dalton’s prediction had some initial success, but the
most recent observations indicate that the concentrations tend to be nearly
independent of elevation.

A complete investigation of the atmosphere must recognize that it in-
volves a dissipative process, but if the problem that concerns us is the density
and temperature profile of a final, stationary state of the mixed atmosphere
then it is not the issue. If an equilibrium is ultimately reached, then we
are mainly interested in the end result, and less in describing the process
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that leads to it. The process includes dissipation but the net entropy of
the atmosphere is maintained by radiation. We shall assume that it can be
treated as a constant in a study of the final, stationary configuration and,
following Laplace, in the adiabatic perturbations of it.

We have embraced the Gibbs-Dalton hypothesis and we have used it
for mixtures that are not under the influence of gravity. But for a mixture
of ideal gases in the gravitational field it leads to a difficulty. Namely,
since the hydrostatic conditions for the individual gases also remain valid
in the mixture (assuming no mutual interaction), we would deduce that, at
equilibrium,

Φ̇i − φ = Ri(ni + 1)T, i = 1, 2,

from which two expressions for the lapse rate T ′:

g = R1(n1 + 1)T ′ = R2(n2 + 1)T ′,

which is contradictory whenever (n1 + 1)/m1 6= (n2 + 1/m2.

This is where it is important to have a generalization of the Gibbs -
Dalton hypothesis; one was introduced in Chapter V.

In this section the mass densities are in g/cm3, not molar, and the con-
stants R1 = R/m1,R2 = R/m2.

In what follows we shall take the Lagrangian for the mixture to be the
sum of the Lagrangians for the two pure gases, eventually to be corrected
by an interaction term.

IX.3. Nitrogen and Oxygen

We begin by examining the atmospheric concentration of Nitrogen and
Oxygen, ignoring the rarer components. According to a number of sources,
the relative concentration does not vary with altitude, but no authoritative
scientific information was found.

Consider a vertical column of air consisting of nitrogen and oxygen and
confined to the range 0 < z < z1 of elevation. The equations of motion that
determine the equilibrium configurations are, if entropic forces and other
interactions are ignored,

Φ̇1 − gz = R1T (lnx+ 1 + n1), x :=
ρ1

T n1k01
=

k1
k01

, (9.3.1)
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Φ̇2 − gz = R2T (ln y + 1 + n2), y :=
ρ2

T n2k02
=

k2
k02

, (9.3.2)

and
R1ρ1 lnx+R2ρ2 ln y = 0. (9.3.3)

The last equation is the adiabatic condition. The adiabatic parameter k0
and the “adiabatic temperature” k were defined in Eq.s (9.1.1) and (9.1.2).
In the case of pure gases without gravity x = y = 1; the Gibbs-Dalton
hypothesis would assign the same values in the mixture. The concentration
would be constant and related to the specific entropies. This would be
possible if nothing linked the two systems, but not here, for the adiabatic
condition amounts to indirect forms of interaction.

The fixed parameters are

R1 = R/28, R2 = R/32, R = .8314 × 108, n1 = n2 = 5/2.

The two Φ̇’s are constants, determined by the boundary conditions. The
most interesting question concerns the adiabatic parameters k01 and k02;
that is, the specific entropies S1 and S2. We harbor a strong prejudice for
taking them to be uniform, independent of z; the first question is whether
this allows for a solution. We shall show that, when n1 = n2, the answer is
affirmative. The data at sea level (z = 0) are, at T (0) = 293.159 (normal

conditions),

ρ(0) = .0012, ρ1(0) = .9184×10−3, ρ2(0) = .2816×10−3 ,
ρ1(0)

ρ2(0)
= 3.2614.

and at T (0) = 273.159 (standard conditions)

ρ(0) = .0016346, ρ1(0) = 1.251×10−3, ρ2(0) = .3836×10−3,
ρ1(0)

ρ2(0)
= 3.2612.

This gives us the predicted pressure at sea level (z = 0),

p(0) = [R1ρ1(0) +R2ρ2(0)]T = 1.0139 × 106,

against the experimental value that ranges from 1 to 1.05 million ergs.

We shall look for a solution with x, y both uniform. The specific entropies
S1 and S2 are also uniform, though not with the same values as for the
separate gases. In that case the concentration is also constant, by (9.3.3).
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Combining the three equations of motion to eliminate the logarithms we
find, since the concentration is uniform,

T (0)− T

z

∣

∣

∣

∣

z=0

=
g

∑

(ni + 1)Riρi/ρ
(9.3.4)

which gives a constant temperature lapse rate of 9.715 degrees Kelvin per
kilometer at normal conditions. Consequently Eq.s(9.3.1-2) are equivalent
to

−g

RT ′
=

lnx+ 3.5

28
=

ln y + 3.5

32
, T ′ :=

δT

dz
. (9.3.5)

Combining this with Eq. (9.3.3) we find that, if x, y are constant, the unique
solution is

x = .902428, y = 1.4662, ,
x

y
= .61240,

ρ1
ρ2

= 3.2614,
k01
k02

= 5.2988.

The densities for the pure gases at standard conditions are: Nitrogen .0001251,
Oxygen .0001429.

For any set of values of k01, these figures fix the densities in terms of T ,
which is in turn determined by the elevation z. Thus k01 is unrestricted and
can be taken to be uniform. Using the data at ground level we obtain

k01 =
.9184 × 10−3

.902428
(293.159e)−2.5 = 5.6771 × 10−11, k02 = 1.0714 × 10−11

and
S1 = −R ln(xk01) = 23.6947R/mol, S2 = 24.8768Rmol.

Note that, because x and y are not equal to 1, these differ from the entropy
of the corresponding pure ideal gas with the same density and temperature.
The deviation of x and y from unity is a measure of the effect of mixing;
Nitrogen effectively passes some of its entropy to Oxygen. The adiabatic
parameter for pure Nitrogen under normal conditions 1 is 6.58 × 10−11; for
Oxygen it is 7.52 × 10−11; that is,

SN = −R ln(5.6771 × 10−11) = 23.44R/mol, SO = 23.31R/mol.

These values are not normalized to agree with the third law, but the differ-
ence SN −SO = 1.12J/mol compares well with the measured value reported
as 1J/mol.

1“Standard conditions”: T = 0oC = 273.16K, the density of N is .001251 and
.001251/(300e)5/2 = 6.587 × 10−11. This was my original number. “Normal conditions”:
T = 293.15K. I should have used .00125‘/(273.16e)5/2 = 8.2368 × 10−11. Change later.
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The difference from the values that apply to pure gases is of course
greater for the minor component of the mixture.

Discussion. We justify taking x, y uniform as follows. Consider the mix-
ture without the presence of gravity. Then, surely all variables are uniform.
The effect of mixing is merely to change the values of the entropy param-
eters k01, k02. These values may conform to the Gibbs-Dalton hypothesis
or they may not. The variables Φ̇1, Φ̇2 play their limited role as constants
of integration. What happens as we turn on gravity? Only one thing is
changed: we are to add the term −gzρ to the Lagrangian density. Nothing
suggests a direct effect of gravitation on the entropy distribution, so the as-
signed specific entropy densities should not change, so long as the equations
of motion have a solution. But the equations of motion do demand that the
entropy parameters allow for the existence of solutions, and this dynami-
cal requirement is inconsistent with the Gibbs-Dalton hypothesis. Although
turning on gravitation does not involve a change in entropy, the entropies
have to have values that allow for the existence of solutions of the equations
of motion, and that is the requirement that we are using to determine these
parameters, pending more data.

One aspect remains unresolved. If the Gibbs-Dalton hypothesis has some
relevance, then it should apply to Nitrogen-Oxygen mixtures without grav-
ity. That would assign to the influence of gravity the deviation from that
Gibbs-Dalton that is encountered in our atmosphere. The hypothesis re-
mains poorly understood.

Alternatively, the Dibbs-Dalton hypothesis can be saved by admitting a
small interaction between the two gases. but for this to be convincing this
interaction must be confirmed by other means.

IX.4. Air and Argon

The densities for the pure gases at standard conditions are: Air .00012,
Argon .0001784. The adiabatic parameters for pure Air: 6.32 E-11, Argon:
7.66 E-8; that is,

SAir = 23.48R/mol, SAr = 16.38R/mol.

This case is different since the two gases have different adiabatic index;
see (9.3.1-2). By “Air” we mean an ideal gas with n = 5/2 and atomic
weight 29. Eq.s (10.3.1-3) apply, but the data are different.
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The fixed parameters are

R1 = R/29, R2 = R/40, R = .8314 × 108, n1 = 5/2, n2 = 3/2.

The data at ground level, z = 0,

T = 293.159, ρ1(0) = 1.2× 10−3, ρ2(0) = 1.116 × 10−5,
ρ1
ρ2

= 107.527.

This case is more difficult. Observations seem to indicate that the ratio
ρ1/ρ2 varies slowly, but there is no solution that makes it exactly indepen-
dent of altitude. Because Air is very dominant we expect it to be only a
little perturbed by the presence of Argon; that is, the specific entropy is
likely to have a value close to what would be observed in the absence of
Argon. In other words, the variable x is likely to be close to 1 under normal
conditions at ground level. Taking x = .99 we get from (9.3.3) the value
y = 4.68249.

Eq.s (9.3.1-2) tell us that

c := T
( lnx+ 3.5

29
− ln y + 2.5

40

)

must be uniform. Setting x = .99, y = 4.44 at sea level we get the value,
c = 7.0462. Also at sea level

k01
k02

=
ρ1
ρ2

y

eTx
= .68249.

Having thus obtained good trial values of the parameters we calculate x, y
and T by

T−1 =
1

c

(3.5 + lnx

29
− 2.5 + ln y

40

)

= −e
k01
k02

x lnx

y ln y

40

29

and finally the altitude by

g(z − z0) = R1T (lnx+ 3.5)

obtain values from zero to +11 km. The results are in Fig. and in the table.
The lapse rate is steady at 10 K/km.

The theory predicts a small reduction in the concentration of Argon at
high altitudes.
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Table 1: The Air - Argon atmosphere

x .99 .991 .992 .993 .994 .995
y 3.72 3.285 2.931 2.628 2.350 2.094
T 300 266 241 222 205 189

ρ1/ρ2 100 100.7 102.4 105 109 113
z 0 3.4 5.9 7.9 9.6 11.2

Since the values of x and y are determined we can calculate the adiabatic
parameters; at ground level

k01 = ρ1
(eT )n1

x
= 8.485 × 10−14, k02 = ρ1

(eT )n2

y
= 1.6735 × 10−13

Then we are free to fix these parameters independent of the elevation and
use them to evaluate the individual densities. Calculate entropies. Apply
the same method to the case that n1 = n2.

Fig.9.4.1 shows the temperature profile and the line T = 300 − 10z; the
lapse rate is very close to uniform.

The significance of a constant lapse rate

must be explained. So far, we have made no reference to Fourier’s heat
equation, namely

Ṫ ∝ ∆T,

If this venerable relation is to be respected, then any stationary atmosphere
must have ∆T = 0. This property is met by the polytropic atmosphere
and that is indeed a principal reason why it is of interest, as emphasized by
Emden in 1908. Here, as in the following example, this property is satisfied,
to a very good approximation, but not exactly. That the linear relation
between the temperature and the altitude is satisfied in the present example
is due to the small amount of Argon in our atmosphere.

The presence of water vapor in our atmosphere has a pronounced effect
on the measured lapse rate; we shall try to calculate this effect later.
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Van der Waals atmospheres

As far as the atmosphere of the earth is concerned, the van der Waals
modification of the ideal gas may seem to be of little interest, since the
excluded volume factor (1 − bρ) differs from unity by about one part in
1000. Nevertheless, we shall find a useful application of the van der Waals
model to study the humidity of our atmosphere, see below. Applications
to stellar atmospheres are interesting but they must be done within the
framework of General Relativity.

IX.5. Air and water. Introduction

This is the mixture that controls life on earth. We shall take up the study
with respect for generations that have studied it before us and conscious of
the special difficulties that characterize H2O.

Water presents a problem in that we know of no simple, analytic equation
of state. The classical van der Waals equation was developed to account
for the domain near the critical temperature of T= 647K. To agree with
the measured values of the critical temperature and the critical pressure,
the density predicted is off by nearly a factor of two, giving 10.95 mol/Lit
instead of the measured value 17.87. Conversely, the density of water in
normal conditions is 998.2 g/Lit or 54 mol/Lit, which would imply that
bρ = 1.6 > 1. In the van der Waals model this parameter varies from 0 to
1.

Data for water. The measured values are, molecular weight 18.015,

Tcr = 647K, pcr = 220atm, ρcr = 17.87mol/Lit

Standard van der Waals parameters

a = 5.536atm(Lit/mol)2, b = .03049Lit/mol

Check, the function

p(ρ) =
.08314 × 647ρ

1− .03049ρ
− 5.536ρ2

has the value 220.45 at the inflection point ρ = 11.069.File AirH20-7
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Our study will be directed at near-normal conditions. Much work has
been done to create an accurate equation of state for water, over a very
wide range of temperatures, but they lack the attractive feature of the van
der Waals model where the coexistence of liquid and water is built in. The
solution is to use a van der Waals model specifically adapted to near-normal
conditions.

At T = 293 K the experimental data are as follows data are as follows.
Vapor pressure 2.3 kPa, densities

ρliq = 998.2g/Lit = 55.4mol/Lit, ρvap = 17.3g/m3 = .00096mol/Lit
(9.5.1)

and the ratio of densities is

ρvap
ρliq

= 1.73285 × 10−5 =
yu

yv
. (9.5.2)

We shall construct a van der Waals model on these data.
The van der Waals formula can be written

p

pcr
= 8

T

Tcr

y

1− y
− 27y2

and the free energy density can be expressed as

f

pcr
=

8T

Tcr
y ln

y

1− y
− 27y2 + ..., (9.5.3)

where y = bρ and +... stands for a term that is linear in y and that does not
affect our calculations of the equilibrium. Because both expressions involve
only one parameter, the common tangent method allows to calculate Tcr

from (9.5.2). We find that Tcr must have a value near 1178.55.

The two normalized densities and the associated pressure, calculated
with the common tangent method using (9.4.4), are:

yliq = b′ρliq = .9199258777 = 55.4b′ mol/Lit,

yvap = 1.59401 × 10−5 = .00096b′ mol/Lit, (9.5.4)

where a′, b′ are the new van der Waals parameters required. Both data give
the same value for b′. To sum up, our modified van der Waals model, chosen
to represent the data near normal conditions, is

T ′

cr = 1178.6, b′ = .016605, a′ = 5.5382. (9.5.5)
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The value of a′ was obtained from 647(a′/b′2) = 1187.55(a/b2). We drop
the primes from now on. The units are molar densities in g/Lit, and atmo-
spheres.

The many significant figures in some of these numbers bespeaks the low
compressibility of the liquid, xdp/dx ≈ 6.8×10−3; the compressibility is the
inverse, the value at experimental at standard conditions is 4.6× 10−10/Pa.
(More data on Wikipedia.)

Finally, the following formula was used for the pressure of the liquid-
vapor equilibrium at near-normal conditions

p =
.08314 × Tρ

1− .0166ρ
− 5.5382ρ2 (9.5.6)

The model of water determined we easily calculate, using the common
tangent method, the equilibrium configuration for a modest range of tem-
perature.

Table 2: Vapor pressure of water witout interaction

T p (9.4.4) p exp. yu(9.4.4) yu exp. yv

10 1.5040E-3 1.2281E-3 1.0243E-5 0.866E-5 .922908668
20 2.3389E-3 2.3388E-3 1.5940E-5 1.594E-5 .919925878
30 3.7790E-3 4.2455E-3 2.4056E-5 2.801E-5 .91692
50 8.4718E-3 1.2344E-2 5.0605E-5 7.372E-5 .9108489
70 1.7280E-2 3.1176E-2 9.7250E-5 1.86E-4 .904682723
90 3.2519E-2 7.0117E-2 1.7304E-4 3.85E-4 .898422971
110 9.24309E-2 8.4277E-2 2.8904E-4 5.25E-4 .892034

Table. Pressure in atm, temperature in degrees Celcius, y = bρ dimen-
sionless.

Standard method

It is common to invoke the ideal gas law. If we replace the parameters
a and b by zero our formula for the vapor pressure pressure takes the form

p = RTρ =
RT

.0166
yu = 5Tyu

This does not differ significantly from (9.4.7).
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IX.6. Phases in a mixture of Air and Water

Data, for “Air” I used Nitrogen, molecular weight 29,

Tcr = 128K, pc = 34atm, ρc = .044mol/Lit = .0012754gr/cm3 ,

a = 1.408, b = .03913.

For H2O we use the van der Waals model constructed above.

We shall test the merit of regarding the atmosphere as a two-phase mix-
ture of 2 fluids. The influence of gravity will be ignored but we shall never-
theless assume that the two phases separate.

We take the free energy density of this system to be

f = f1 + f2 + αρ1ρ2.

To discover the spinodal line we use the formula from Section VI.3 with a
slightly different notation.

(

T/T1

x(1− x)2
− 27

4

)(

T/T2

y(1− y)2
− 27

4

)

= β :=
α2

b1b2T1T2R2
. (9.6.1)

Here T1, T2 are the two critical temperatures. When β = 0 there are only
the spinodals of each separate fluid. For small, positive β there appears
ovals, below 210K for β = 1, below 1149 K when β = 10. These oval
quickly quickly grow to the limits of the domain 0 < x, y < 1 for lower
temperatures.

We know the saturated state of water at normal conditions. We now
increase the pressure by admitting air, and calculate the coexistent 2-phase
configurations for a range of values of the pressure. this is easy, for the water
densities do not change.

Having established a pair of coexistent modes of water,

yu = 1.59405, yv = .919926,

it is easy to include air into the mixture, at least so long as the interaction
strength α is zero. We just choose a value of p and adjust the parameters p
and p. The result is in the following Table
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Table 3: Air and water

p ρu c ρv c′

.02323 (.00000, 1.5942E-5) 0 (.000000, .919926) .0000
.2 (.00028, 1.594E-5) .057 (.000283, .919926) .00031
.4 (.00060, 1.594E-5) .027 (.000605, .919926) .00066
.6 (.00093, 1.594E-5) .017 (.000925, .919926) .00010
.8 (.00125, 1.594E-5) .0127 (.001250, .919926) .00140
1.0 (.00161, 1.594 E-5) .0102 (.001606, .919926) .00170

Table 3. Saturation densities for the system of Air and Water. The
density ratios are c = .01 (humidity in the air) and c′ = .0017 (air dissolved
in water water).

At the lowest pressure we have the ideal-gas approximation

p ≈ .02323 + 622.5x = .02323 + 21.5ρ1.

Here ρ1 is the molar density of water, in mol/Lit as usual and the pressure
is in bars. the first term is the contribution of water vapor, the other is
RρT . In fact, this approximation is valid over the whole range, the partial
pressure of water being fixed. The result concerning the saturation density
of water in air is somewhat model independent, yet it is off by several orders
of magnitude.

At normal conditions the mass ratio water/air in the atmosphere, is

ρ2
ρ1molar

= c
b1
b2

= .0236 or
ρ2
ρ1mass

= c
29b1
18b2

= .0380.

This within a factor of two of measured values for saturated air. The ratio
of air to water in the ocean is,

ρ1
ρ2molar

= c′
b2
b1

= .000721 or
ρ1
ρ2mass

= c′
18b2
29b1

= .001166.
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This results is a prediction for the solubility of water in air that is very differ-
ent from what is observed. We take this to mean that a form of interaction
is needed.

Interaction

We try k = 10 and k = 25. The last row (p = 1) in the table changes to,

Table 4: Air and water. Effect of interaction when p = 1

k ρu c ρv c′cr
10 (.00156992, 1.5925 E-5) .01014 (.00023688, .919929) .0002575
25 (.0015699, 1.58971 E-5) .010126 (.1.388E-5, .919931) 1.509E-5

The humidity in air does not budge, the ratio c does not change, but
we observe reduction of c′, and the specific proportion of air in water that,
for k = 25, is a factor of 1/100, and this brings the prediction in line with
observation.

We end our investigation of the earth’s atmosphere at this point, for
others to finish.

We have chosen to use the confrontation of theory with experiment to
discover useful formulas for the internal energies of mixtures, formulas from
which all properties of the mixtures can be calculated. This allows for very
little freedom and, consequently, strongly enhanced predictive power. Our
first attempt at constructing a model for water does not aim at a detailed
agreement with experiment, but only, by experience, to see if a simple and
partly justified expression for the free energy density reproduces general
features, as was the case with the van der Waals formula.

Project 6. Build a model of our atmosphere with interaction, then use it

to calculate the speed of propagation in air and compare with measurements

at various elevations and atmospheric conditions. Compare the value of the

interaction strength with that found in other applications. Try to find a

single, simple model that fits all the data.
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Appendix to Chapter IX. Polytropic atmospheres

Emden’s book of 1907 laid the foundations for 100 years of astrophysics
and it had a profound effect on atmospheric science as well, as can be verified
by a modern web survey. It is concerned with the stability of a polytropic
atmospheres.

A polytropic atmosphere is one in which the pressure and the density
are related this way:

p = aργ , γ > 1,

with a and γ constant, independent of the altitude. An isentropic atmo-
sphere that consists of an ideal gas is polytropic with γ = 1 + 1/n. We
shall consider an atmosphere that consists of an ideal gas, polytropic but
not isentropic, with the constant γ unrelated to the adiabatic index n.

Emden’s theorem

The polytropic atmosphere is stable to convection if and only if

γ < 1 + 1/n,

The most stable among polytropic atmospheres is the isothermal atmosphere
with γ = 1.

More precisely, the expectation is that, if the polytropic relation is sat-
isfied as initial conditions at t = 0 then the inequality determines what will
happen later: a small convective perturbation will grow unless it is satisfied.
(It is assumed that there is no flow at t = 0.)

The proof offered by Emden in 1907 and repeated in today’s textbooks
is the same. Suppose that a small volume of gas is displaced upwards adia-
batically; that is, without any heat transfer. The pressure in the displaced
gas will adjust, adiabatically, to the new environment, almost immediately.
Suppose the inequality is satisfied, then the displaced volume will have a
larger density than the gas nearby and it will therefore revert downwards. If
instead the small volume is displaced downwards then it will become thinner
and again it will rebound.

This arguments is an account of the balance of forces: pressure against
gravity. This implies that there is a dynamical theory behind the argument.
The number n is the adiabatic index, hence the fluid is an ideal gas. Ideal
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gases have been extensively studied and the only known dynamical theory is
the thermodynamics developed over many years and reported in this book.

As we have seen in Section III.1, the forces are the pressure, gravitation
and, unless the specific entropy is uniform, the entropic gradient. The latter
is zero in the isentropic case, when γ = 1+1/n. The “proof” has no weight
for other values of γ because entropic forces are not taken into account.

The effect of entropic forces

The paradigm of the type of stability argument offered in the “proof” of
Emden’s theorem is this. A ball resting on top of a cylinder is subject to
no forces because the contact force is balanced by gravitation; this is true if
the position of the ball is precisely at the highest point, where the energy is
stationary to first order of perturbations. This is first order equilibrium. To
decide whether the equilibrium is stable or not one carries the calculations to
second order. The initial conditions envisaged in the proof do not define an
equilibrium because the effect of the entropy gradient has not been included;
the forces are not balanced and the argument cannot proceed.

When the gravitational force is included, and s = ρS, Eq.(3.1.6), the
hydrostatic condition, becomes

~▽p = −~▽(gz)− ρT ~▽S.

In accordance with the Gibbsean variational principle the entropy is a given,
fixed function of position; suppose we have solved this differential equation
for the density (after elimination of the temperature by the adiabatic rela-
tion.

To study stability of this point of equilibrium we must study second
order perturbations. Turning once more to Gibbs (and our own experience)
we do not vary S but keep it fixed. The required calculation is the same as
for sound propagation and the answer is the same, real number,c =

√
γRT .

The equilibrium is stable.

The isentropic atmosphere.

A famous controversy concerns the temperature profile of an isolated
atmosphere in a constant gravitational field. A pillar of statistical mechanics
proclaims that, at equilibrium, the temperature of any extended system is
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uniform, and more, that this statement remains true in the presence of a
gravitational field. One of the first to voice disagreement with this dictum
was Loschmidt, who was crushed by the united authority of Boltzmann and
Maxwell. ddedeA steady flow of papers have been published over a period of
more than 100 years, all proving that there can be no temperature gradient.
A few papers have managed to get past editors and referees with proofs
of the contrary. Taking up the question again at this time seems almost
redundant, and yet.....

It must be said that the belief in the isothermal atmosphere is, in many
cases, just that, a belief or conviction, unsupported or contradicted by the
evidence. That said, what would qualify a scientist to issue an expert opin-
ion?

What physics is involved?

1. Gravitation. What is absolutely clear, yet frequently overlooked,
is that it is futile to try to make a decision without a deep knowledge of
gravitation. That the controversy involves gravitation is in fact fortunate,
for no force is better understood. At the deepest level we have General
Relativity with its Equivalence Principle. It tells us that gravitation is
a force that resides in the space time metric and that the interaction is
strongly restricted by invariance under general coordinate transformations.
An intimate knowledge of General Relativity is probably not required, but
one should know that, in non-relativistic physics the only component of the
metric that is needed is the time-time component g00 and that it takes the
form

g00 = c2 − 2φ.

Here c is the velocity of light and φ is the Newtonian gravitational potential.
In field theories, this component of the metric appears in conjunction with
a time derivative, and that is the origin of the following rule:

To introduce the effect of gravitation in any dynamical frame-

work, simply add the Newtonian potential to the energy density.

In some less developed contexts this prescription fails to be meaningful,
or insufficiently precise, but then there is no alternative. I think that it
may be agreed that, in any context in which it cannot be applied, we lack
enough knowledge about gravitation to have a meaningful discussion about
the influence of gravitation on an atmosphere.
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2. Thermodynamics. This word is frequently taken to refer to the study
of equilibria exclusively. But that is not enough. There are several cogent
reason why a dynamical theory is needed. In the first place, any discussion
of equilbria per se, without a description of the systems of which they are
the equilibria, is likely to be inconclusive. The concept of equilibrium is,
in my opinion, meaningful only in the context of a dynamical system. And
again, without a dynamical theory we shall not know how to introduce the
gravitational field or to determine its effects.

Any discussion that restricts the input of thermodynamics to statements
about abstract equilibria is not likely to be useful. That leads us to:

3. Non-equilibrium thermodynamics. Under this banner there has been
a great deal of activity in the last half-century. This point of view is prob-
ably not going to be of much help, for the following reason. The term
non-equilibrium strongly suggests that any attempt to get away from the
equilibrium is an exploration of the unknown. For example, it is widely held
that there is not, until now, a reliable account of entropy. But without an
understanding of the role of entropy we are lost, just as we should be lost
without an understanding of gravitation.

4. Adiabatic thermodynamics. Actually thermodynamics is advanced
well beyond the study of equilibria. Already in 1825 Laplace formulated a
successful theory of sound propagation, based in part on the postulate that
this phenomenon is isentropic; that is, that the entropy per particle does
not change when the density and the temperature are executing the motion
that is sound. Furthermore, the calculation is done within a dynamical
framework, involving the equation of continuity and the Bernoulli equation.
Finally, this is an apt example, for it is very close to the issue at hand. So
let us examine the calculation in a little more detail.

There is nothing controversial about the equation of continuity; nothing
needs to be said about it. When Laplace postulates that sound propagation
is isentropic he refers to the fact that the entropy of an ideal gas is related
to the temperature and the density by the polytropic relation,

ρ/T n = constant,

where n is a constant that is characteristic of the gas. That is; this combi-
nation of density and temperature is a constant of the motion. The value
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of the constant is directly related to the entropy per particle; that is, to the
specific entropy.

This dynamical calculation of the speed of sound, and many others,
demonstrates that something is in fact known about entropy away from
equilibrium. Furthermore, it strongly suggest that a reliable dynamical
framework is available that may serve to investigate the effect of gravitation
on an isolated atmosphere that consists of an ideal gas.

The theory of ideal gases has been around for more than 150 years. Let
us use it.

Reply to Maxwell

It has to be maintained that the existence of isentropic atmosphere in a
gravitational field is in contradiction with the second law of thermodynam-
ics. If that were so the second law would share the faith of all other laws
that have been formulated by scientists over the ages. The existence of the

isentropic atmosphere is a matter for experimental science; unfortunately a
decisive experiment would be very difficult. Besides, scientists with enough
reputation to be respected seem not to be enthusiastic about investing either
their time or their reputation on this problem. The evidence presented by
our actual atmosphere has not proved convincing.

The experiment should certainly be done, and with the astounding ad-
vance in technology it shall eventually lead to a conclusion. And then what?
What should we do if the conclusion is that the isentropic atmosphere exists?

It is unlikely, even in that case, that thermodynamics, or even just the
second law, would become obsolete; for the arguments advanced by Maxwell
and others are far from conclusive, as will be shown.

Maxwell. Two tubes are filled by two different gases, placed vertically next
to each other and isolated from each other and from the environment, except
for being connected to a reservoir at the top. At equilibrium: that is, after
some time, if no further changes are taking place, the temperatures at the
bottom of the two tubes will be different. A heat engine can be installed to
exploit this difference and energy can thus be extracted.
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Student But that would not be very shocking, not like constructing a per-
petuum mobile, since the energy is supplied by the sysrem that will eventu-
ally get cold.

Maxwell. Consider instead the following system.

The U .

Imagine a tube, in the form of the letter U, upright, divided into two
parts in the middle (the low end), containing two different ideal gases, gas
A on the left, gas B on the right, the whole in complete isolation except for
terrestrial gravity, the two gases in thermal contact at the dividing wall. The
tubes are closed at the top; the volume and the geometry are fixed. This is
‘the open U ’. There is no heat bath. for the sake of the argument, assume
that the equilibriua, in the terrestrial gravitational field, is isentropic.

The tubes are thermally connected only at the bottom. Wait for equi-
librium to be established; then the temperatures will be equal there, but
different at the top. Now connect the tops of the U with a heat conducting
wire, thus creating ’the closed U ’. We are going to neglect the heat loss in
the wire as well as its heat capacity. The temperature will eventually equal-
ize at the top, finding a new equilibrium at which the temperatures at the
top are equal. This means that there has been a flow of heat and, because
the change is spontaneous, involving no heat transfer from the environment,
there has been a net increase of the total entropy. The process that has just
taken place is therefore irreversible.

Next, disconnect the wire and let the system return to the original con-
figuration. But this is impossible, for it would require a decrease in the
entropy. Therefore the isentropic equilibrium does not exist.

Student. Let us examine the process in a little more detail, starting with
no thermal connection at the top, and different temperatures T1, T2 there.
Let S0 be the total entropy of the system. Now two things will happen in
succession.

First, the thermal connection at the top is connected. This constitutes
a change of the system by external interference. It leaves the system out of
equilibrium. If the entropy of this new configuration can be defined, call it
S1.

Second, the system, left out of equilibrium, will find a new equilibrium,
with entropy S2. Given the properties of each gas we can calculate both S2

and S0. but what is the value of S1?
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Maxwell. Because the system, after the end of the first stage, is out of
equilibrium, the entropy that you call S1 is not defined.

Student. In that case I may make a suggestion. Is it not possible to assign the
value S2 to S1? I may perhaps propose this as the definition of S1. By this
definition the change in entropy is due to the interference with the system
(the establishment of the thermal connection) and the subsequent approach
the new equilibrium would be adiabatic since there is no interference from
the outside during the second stage.

Maxwell. I do not like that definition of S1 but I admit that my argument
has been dealt a severe blow.

Student. Thank you professor.
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